SEMICLASSICAL ESTIMATES OF THE CUT-OFF RESOLVENT FOR 

TRAPPING PERTURBATIONS 



JEAN-FRANgOIS BONY AND VESSELIN PETKOV 

Abstract. This paper is devoted to the study of the cut-off resolvent of a semiclassical 
"black box" operator P. We estimate the norm of ip(P — z)^ 1 ^, for any tp € Co°(R n ), by 
the norm of He b {P — z) -1 lc where C a b = {x € R n ; a < \x\ < b} and a>l. For z 
in the unphysical sheet with — Mh\\nh\ < Imz < 0, we prove that this estimate holds with 
, a constant e c ^ Im2 l/ fe . We also study the resonant states u of the operator P and we 

obtain bounds for \\ipu\\ by ||lc b u\\. These results hold without any assumption on the 
trapped set nor any assumption on the multiplicity of the resonances. 



1. Introduction 

In this paper, we prove estimates on the meromorphic extension across the real axis of the 
cut-off resolvent of P, a semiclassical operator of "black box" type. This abstract framework, 
introduced by Sjostrand and Zworski [25] and described below, allows one to develop the 
theory of resonances for many kinds of perturbations (potentials, obstacles, metrics, ...). 
In particular, the results stated below hold for arbitrary dimension n > 1 and without any 
restriction on the geometry of the trapped set. 

More precisely, we will estimate the norm of the cut-off resolvent tp(P — z)^ 1 ^, for any 
if G C^(R n ), by the norm of t Ca , b (P - z)' 1 !^ where 

C 0i6 = {xeR n ; a< \x\ < b}. 

Notice that, on the real axis, there is a big contrast between the behavior of these two norms. 
Indeed, the resolvent truncated on rings C a ^, with 1 <C a < b, is always bounded above by 
Ch~ l . On the other hand, the norm of the resolvent, truncated near the projection on W 1 of 
the trapped set, depends on the geometry of this set and can be much larger than h . For 
scattering outside a bounded obstacle K C M n , with n > 3 odd, a similar question has been 
investigated by Stoyanov and the second author |19j . Using the scattering theory of Lax and 
Phillips |15j . they have proved that the cut-off resolvent can be bounded by the norm of the 
scattering matrix (we refer to Section [6] for more details). 

In scattering theory, it is natural to consider the resolvent of P truncated in rings C a ^ far 
away from the origin. Indeed, the operator lc a h {P — z)~ 1 'S\.c a b appears in the representation 
of the scattering amplitude for compact perturbations. More precisely, assume that P is a 
compactly supported perturbation of — h 2 A and denote by S(z; h) = I+K(z; h) the associated 
scattering matrix at energy z. By definition, the scattering amplitude a(z, u, a/; h) is the 
distribution kernel of K(z;h). The standard formula (see for instance, Zworski and the 
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second author [20]) gives 



(1.1) a(z,uj,uj'-h) = c(z-,h)^^\[h 2 A,xi}(P-z)- 1 [h 2 A,x 



where XI1X2 £ Cq°(MJ 1 ) are cut-off functions, w,u/ G S n 1 and 

rt — 2 

c{z,h) = i7r(2irhy n z—. 



Moreover, we can take the functions XI1X2 equal to 1 on arbitrary large compact sets con- 
taining the perturbation, and the scattering amplitude is independent of this choice. Thus 
the estimatation of lc a b (P — z)~ 1 Tic a b with 1 <C a < b is essential for the estimations of the 
scattering amplitude and for the norm of the Hilbert-Schmidt operator K{z; h). 

We now give the precise assumptions on the semiclassical "black box" operator P. This 
was introduced by Sjostrand and Zworski [25] (see also Sjostrand [22 1 123 } [24"] in the long range 
case). Let T~L be a complex Hilbert space with an orthogonal decomposition 



with n > 1, Rq > and B(R) = {x G M n ; \x\ < R}. In the sequel, we will identify 
u G L 2 (M n \ B(Rq)) with ® u G 7~L. We consider a self-adjoint semiclassical operator 
P : % — > % with domain T> independent of h g]0, 1]. We assume that 



and conversely that any u G ff 2 (IR T1 \ B(Rq)), which vanishes near 8B(Rq), is an element of 
V. To treat the contribution of P in Tij^, we suppose that 

^B(Ro)(P + i) 1 is compact. 

We also assume that, for all u G T>, we have 



We suppose that the a^'s are bounded in C£°(M n ) (the space of smooth functions which are 
bounded with all their derivatives) when h varies, and that a a (x; h) = a a {x) is independent 
of h for |a| = 2. We further assume that Q is elliptic: 



H = H Ro eL 2 (R n \B(R )), 



l^\ B (R«)V = H 2 (R n \B(R )) 



^■R"\B{R a )P u — Q{ u \w. n \B{Ro)), 

where Q is a self-adjoint semiclassical differential operator on L 2 (M. n ) 





M=2 

and a long range perturbation of the Laplacian: 




M<2 




M<2 
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the semiclassical principal symbol of Q. 

To define the resonances, we assume that the coefficients a a (x; h) extend holomorphically 
in x to the region 

(1.7) T = {ieC; |Imx| < 8\Rex\ and |Rex| > R\}, 

for some 5 > and R\ > Rq, and that the relevant parts of f)1.2j) — f)1.5j) remain valid in 
T. Under these assumptions, it is possible to define the resonances by complex distortion 
following the approach of Sjostrand |23] (see also Aguilar and Combes [I], Hunziker |14j . 
Hellfer and Martinez [12] and Sjostrand and Zworski [25] for more references concerning the 
definition of the resonances by complex scaling). Let Tg be a maximally totally real manifold 
which coincides with R n along B(Ri) and with e^W 1 outside a compact set, and which 
satisfies some additional assumptions described in [231 Section 3]. For < 9 < 6q with 9q > 
small enough, the operator 

Po = P\T„ 

is well defined on T>. Moreover, the spectrum of Pg in 

(1.8) A e = {z£ C; -29 < argz < 0}, 

is discrete and independent of 9 and of the choice of Tg (in the sense that Pg and Pg/ have 
the same eigenvalues with the same multiplicity in Ag n Agi). By definition, the resonances 
of P are the eigenvalues of Pg in Ag . 

As a matter of fact, the resolvent 

{P Z) ■ ^comp ^ ^loo 

admits a meromorphic continuation from the upper complex half-plane {Im z > 0} to Ag and 
the poles of this extension are the resonances. Moreover, if a cut-off function ip G C^°(]R n ) is 
supported in the set where Tg coincides with M n , then 

(1.9) <p(P-z)- 1 <p = <p(P e -z)- 1 <p. 

We refer to Helffer and Martinez [12] for the equivalence of various definitions of the reso- 
nances. 

For two functions /, g, we will use the notation f ^ g if g = 1 in & neighborhood of the 
support of /. Since we work with operators of "black box" type, the different cut-off functions 
appearing in the sequel will be assumed to be constant near B(Rq). In the following, || • || will 
denote the norm of the Hilbert space H and the operator norm on %. Finally, (P — z)^ 1 will 
designate the meromorphic extension of the resolvent from the upper half-plane to Ag (and 
not the inverse of P — z). Our first theorem yields a link between the cut-off resolvents with 
two cut-off functions x an d an arbitrary cut-off ip. 

Theorem 1.1. Let [Eq,Ex] c]0, +oo[. There exists ao > Rq such that, for all M > and 

X, f e C^°(M n ) with l B ( ao ) -< x, there exists C > such that 

\\<p(p - *rV|| < ce c ^^ h \\ x (p - zy'xl 

for z E [Eq, Ei] — i[0, Mh\ In h\] not a resonance and h small enough. 

On the real axis, such a result was essentially obtained by Robert and Tamura [21[ Page 
437] (see also Bruneau and the second author [3J Proposition 3] for trapping situations) to 
prove the well-known resolvent estimate in non-trapping semiclassical situations. The next 
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theorem is our main result. We obtain an estimate of cp(P — z) l <p by the norm of the cut-off 
resolvent lc a b (P — z) _1 lc a b - 

Theorem 1.2. Let [Po>Pi] c]0, +oo[. There exists ao > Ro such that, for all ao < a < b, 

M > and ip € C x> (R n ), there exists C > such that 

|| V (P - z)-V|| < c^e c i Im ^ fe ||i Ca ,(P - ^icjl, 

for z £ [Po, Pi] ~~ *[0j Mh| In h|] not a resonance and h small enough. 

In particular, both Theorem 1 1 . 1 1 and Theorem 1 1 . 2 1 hold for any ao large enough. The above 
theorem gives no information on the real axis due to the factor | Imz| _1 in the right hand 
side. This is in agreement with already known results, which say that the behavior of the 
resolvent truncated near the trapped set can be very different from its behavior truncated in 
rings far away from the origin. Indeed, under some additional assumptions on the operator 
P, Burq [6] and Cardoso and Vodev [8] have proved that 

sup Ille^P-*)- 1 ^!!^- 1 , 

ze[Eo,Ek] 

without hypothesis on the trapped set. On the other hand, 

sup || (p(P — z) -1 (^|| , 
ze[£o,-Ei] 

can be of order h _1 in the non-trapping case (see Robert and Tamura [21]) or greater than 
e £ / h , with e > 0, as in the well in an island situation (see e.g. Helffer and Sjostrand [13] or 
Nakamura, Stefanov and Zworski [17]). For Imz = —Ah, our result implies the following 

Corollary 1.3. Under the assumptions and notations of Th eorem \1.2\ and for A > 0, we have 

\\f(p - zy^w <\\i Ca , b (p - zyHeji 

for z G [Eq, Ei] — iAh not a resonance. 

In particular, if in addition ip does not vanish near B(o,q), the norms of the operators 
ip(P — z)~^<p and lc a 6 (P — Z )~ l ^-C a b are equivalent for z £ [Eq, E\] — iAh not a resonance. 

The term e c \ lmz \/ h appearing in Theorem 11.11 and Theorem 11.21 cannot be removed in 
general. To show this, it is enough to consider the distribution kernel of (—h 2 A — z)^ 1 in 
dimension n = 1 which is given by 

i e i\fz\x-y\/h 
Ih^fz 

Note also that the constant C > in the term e c \ lmz \/ h depends necessarily on a,b,(p. 

Remark 1.4. If P has no resonance in [Eq — e, E\ + e] — i[0, Ah], e > 0, and if the norm 
of lc a b (P — z)^ 1 \c a b I s controlled in [Eq — e, E\ + e] — iAh, one can exploit Corollary 11.31 
combined with a priori bounds on the cut-off resolvent (see e.g. Burq and Zworski [7\) and 
the semiclassical maximum principle (see Tang and Zworski [27\) to establish a bound of the 
cut-off resolvent <p(P — z)~ l ip without \ Imz| _1 in the band [Eq,E\] — i[0,Ah]. 

In the proof of the previous results, we will use the following lower bound which can have 
an independent interest. 
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Proposition 1.5. Let [E , Ei] c]0, +00 [. There exists a > Rq such that, for all tp G C^°(R n ) 
satisfying supp tp n B(ciq) c ^ 0, there exists C > such that 

||p(P - «)~V|| > Ch~ l e-\ lraz \l h , 
for z G ([i?o> -^1] ~~ *[0> 1]) H A# /2 not a resonance and h small enough. 

The second question we deal with in this paper is that of estimating resonant states. Let 
z be a resonance of P. Then, from the general theory of resonances, we can write, for A in a 
neighborhood of z, 



11.10) IP - Ar 1 - 7 -^_ + ... + ^_ + ^ ( a,. 



as operators from % CO mp to £>io C) where .4(A) is an operator- valued function holomorphic near 
z and the IL-'s are hnite rank operators satisfying ImlLy C Imlli and ITi 7^ 0. 

Definition 1.6. A resonant state u is an element of ImLTi which satisfies (P — z)u = 0. 

In particular, resonant states are in T)\ oc but, in general, they are not in H. In the same 
spirit as in Theorem 11.21 we obtain the following 

Theorem 1.7. Let [Eq,Ei] c]0, +00 [. There exists ao > i?o such that, for all ao < a < b, 

M > and tp G C^°(]R n ), there exists C > such that 



(1-11) IIHI<^^e c l Im ^||l Ca , 6 n||, 

for any resonant state u associated to a resonance z G [Eq, Ei] — i[0, Mh\ In h\] and h small 
enough. 

Thus, this theorem gives a lower bound of the resonant states on the ring C a ^. In a 
certain sense, it can be seen as an effective unique continuation result for the resonant states. 
However, we not consider the behavior at infinity of the resonant states. 

Remark 1.8. i) Note that, under some assumptions and for resonances satisfying \ Im z\ < h, 
Stefanov [26] and Michel and the Grst author [3] have shown that 



Im z\ 
~h 

Thus, the estimate given in Theorem 11.71 is sharp in this case. 

ii) Note also that one can use the known results concerning the resonant states to refine 
Theorem 11.71 For instance, it is known that the resonant states are outgoing. This means 
that they vanish microlocally in the incoming region 

r_(Rez) = {(a;, £) G q~ 1 (Rez); exp(tH q )(x,£) — > 00 as t — > —00}. 

We refer to Michel and the first author [3] for a precise result. Thus, it can be possible, 
under some assumptions, to replace u by ^fu in the right hand side of (jl.lip where ^ is a 
pseudodifferential operator which microlocalizes near the complement of the incoming region. 

in) For Schrddinger operators P = —h 2 A + V(x) and for simple resonances, Theorem \1.7\ 
can be deduced from Theorem \1.2\ Indeed, letting the spectral parameter go to z in Theorem 
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\1.2\ we get 

llwIIiJI <C—^—e c \ lraz \/ h \\t c Jlitc J- 
^" ~ \Imz\ 11 a ' b a ' b]l 

Therefore (jl.lip follows since, for Schrddinger operators, we can write IT = cu(u, ■) for some 

ce<C\{0}. 

iv) Theorem 1 1 . 71 shows that the resonant states associated to resonances at distance h from 
the real axis cannot be localized near the trapped set to first order. More precisely, let u{h) 
be a family of resonant states, with \\u(h)\\ B (!^ = 1, whose corresponding resonances z(h) 
verify h/A < —lmz(h) < Ah. Then, every semiclassical measure fj, associated to u(h) has 
the property 

(1.12) fl(C a , b X R n ) > 0. 

Note that, for differential operators (i.e. P = Q), one could obtain (|1.12p by using the 
propagation properties of the semiclassical measures associated to the resonant states (see 
e.g. Theorem 4 of Nonnenmacher and Zworski |18j ). 

Example 1.9. The estimates given in Theorem 1 1 . 71 and Remark 11.81 i) are already known in 
the well in an island situation. In dimension n = 1 and at the bottom of the well, Helffer 
and Sjostrand |13l Proposition 11.1] (see also Harrell and Simon [11]) have proved that the 
imaginary part of the first resonance satisfies 

lmz = -(a + o{l))h 1/2 e- 2So/h , 

where So > is the Agmon distance between the well and the sea and a ^ is explicit. On 
the other hand, the resonant state u (normalized on B(b)) verifies 

||1 B(6 H| = 1 and ||l Ca ,H| =(P + o(l))h- l ^e- s ^ h , 

with /3 7^ 0. This is in agreement with Theorem 11.71 and Remark 11.81 i). 

Note that the well in an island situation in the multidimensional case has been treated 
in [131 Theorem 10.12]. We also refer to Fujiie, Lahmar-Benbernou and Martinez |10| for 
potentials which are only C°° in a compact set. In all these works, the authors prove precise 
asymptotics of the resonant states and they obtain the imaginary part of the resonances by 
a formula similar to (|5.2p which is used in the proof of Theorem 11.71 

Example 1.10. The resonant states have also been computed for barrier-top resonances. In 
[21 Theorem 4.1], Fujiie, Ramond, Zerzeri and the first author have proved that, for simple 
resonances with | Imz| < h, the resonant states u are classical Lagrangian distributions whose 
Lagrangian manifold A + is the stable outgoing Lagrangian manifold at the critical point. 
Moreover, the principal symbol of u does not vanish almost everywhere on A+. 

In particular, since the spatial projection of A + is the whole space M n , we get 

ll<HI ^ ll 1 ^^ < ||<H|, 

for all (p G C^(W l ). On the other hand, in this context, the imaginary part of a resonance 
satisfies Imz = —Xh + o(h) where A 7^ is given by the eigenvalues of the Hessian of the 
potential at its maximum. This is in agreement with Theorem 11.71 and Remark 11.81 i). 

By our arguments, we can also study the generalized resonant states. 

Definition 1.11. A generalized resonant state u is an element of Imlli. The order of u is 
the smallest integer J > 1 such that (P — z) J u = 0. 
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Note that, using the notations of (jl.lOp . the order of a generalized resonant state is bounded 
by N because (P — z)TLn = and (P — z)Hj = Tlj+i for 1 < j < N — 1. As a consequence 
of Theorem 11.71 we have the following result on the generalized resonant states of bounded 
order. 

Proposition 1.12. Let [Eq, E\] c]0, +oo[. There exists ao > Ro such that, for all ao < a < b, 

M > 0, J € N \ {0} and ip £ C^(R n ), there exists C > such that 

H^ll < C J -^-e c \ lmz \l h Y —^—-Uc h (P ~ zYul 
V 1 1 j=o 1 1 

for any generalized resonant state u of order less than J associated to a resonance z G 
[Eq, Ei] — i[0, Mh\ In h\] and h small enough. 

The rest of this paper is organized as follows. In Section [21 we prove Theorem 11.11 by 
constructing an auxiliary non-trapping operator which coincides with P at infinity. Section 
[3] is devoted to the proof of Theorem 11.21 The main idea is to exploit the formula 

(x(P ~ z)u,xu) - (xu,x{P ~ z)u) = ([x 2 ,P}u,u) - 2ilm z\\xu\\ 2 , 

which is generally used to compute imaginary parts of resonances (see e.g. Helffer and 
Sjostrand [HI Page 155]). Proposition 11.51 is proved in Section U] by building a well-chosen 
quasimode. The estimates concerning the resonant states are obtained in Section using 
ideas similar to those of Section El In Section [6j we apply our results to the case of obsta- 
cle scattering and we make the link with the work of Stoyanov and the second author [19]. 
Finally, we give some basic properties of the generalized resonant states in Appendix lAl 

2. Proof of Theorem 11.11 

First, we construct a non-trapping operator by planing Q in a large compact set. This 
idea has been used by Robert and Tamura [21] (see also Bruneau and the second author [4] 
for trapping situations) to estimate the weighted resolvent on the real axis in non-trapping 
situations. Secondly, we recall the standard estimate of the cut-off resolvent associated to 
this new auxiliary operator. Let t, v £ C°°(]R n ; [0, 1]) be such that 

and r 2 + v 2 = 1 on R n . For a > 0, we define 

a differential operator of order 2 whose semiclassical principal symbol is 

In particular, £ 2 /C — C <r a < Ct; 2 + C uniformly for a > 0. Moreover, using the assumption 
fll.4j) . a direct computation yields 

k, x ■ = {f, x . + { ( q - ey , x ■ e} 

(2.1) = 2£ 2 + o a ^+oo((0 2 ) = 2r a + o a ^ +oc ((0 2 ) > Eo/2 > 0, 

for r a (x, £) G [Eq/2,2Ei] and a > with ao > Ro sufficiently large. This implies that, for 
a > ao, the symbol r a (x,£) is non-trapping on r~ 1 (E) for all energies E lying in the interval 
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[Eq/2,2Ei]. Then, we can apply a result of Nakamura, Stefanov and Zworski [T7] (see also 
Martinez [16]) which yields the following resolvent estimate. 

Lemma 2.1. For all j G N, s G R, M > and 99 G Qf (R n ), there exists C > such that 

e C\Jmz\/h 
\\<p(R a - z)~ j (p\\ . H s+2 <C- 



l H h-* H H ~ hi ' 
for z G [_E7q, — i[Q, Mh\ In h\] and h small enough. Here, 

H%(R n ) = {u G S'(R n ); (hl^u G L 2 (R n )}, 

is the semiclassical Sobolev space equipped with the norm \\u\\h^ = \\(hD x ) 8 u\\j^. 

Proof. Since the operator R a is non-trapping on the energies in [Eq/2,2Ei], we have 

e C\lmz\/h 



\\(f(Ra ~ Z) V|| L 2^ L 2 < C- 



h 



for z G [Eq, Ei] — i[0, Mh\ In h\] + B(h). This estimate follows from Proposition 3.1 of Naka- 
mura, Stefanov and Zworski [T7] and (jl.9p for Imz < and from the usual Mourre theory 
(see e.g. Vasy and Zworski [28]) for Imz > 0. In particular, for z G [Eq,Ei] — i[0, Mh\ lnh|], 
it yields 

C| lmz\/h 

\\(f(R a ~ A)"V|| L 2^ L 2 < C , 

for all A G z + B(h). Then, the Cauchy formula implies 



(J "1)1 Z " ' 2in f z+dB{h) ^ a n > Y {\-z)P 

and then 

e C\Imz\/h 

(2-2) \\<p(Ra - zy^\\ L2 ^ L2 < C j- . 

It remains to bound this operator from to H^ +2 . Since R a is an elliptic differential operator 
of order 2, we have 

\\u\\ H 2k ~ \\(R a + «') felt || L 2, 

for all k G Z. Thus, performing multiple commutations between R a + i and </?(i? a — \)~ J tp 
and using (|2.2j) . a standard argument gives 

e C|Imz|//i 

\\<p[Ra - z )~ 3 if\\ H 2k H 2k+2 < Ck 7- , 

h h ry 

for all k G Z. And the lemma follows from an interpolation argument. □ 

We now prove Theorem 11.11 Assume that 1 bu) ^ X with a > gq where ao > -Ro is given 
by Proposition 11.51 and Lemma 12. 11 Let Xl>X2 £ Co°(R n ) be such that 



(2.3) 



liJ(a) "< Xl -< X2 -< X- 
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In particular, P(l — Xm) = Ra(^ ~ X»)- F° r Imz > and then for z G Ag by meromorphic 
extension, we can write 

<p(P - Z)~V = f^R"\B(R„)(Ra - - Xl)<P + VXlC-P - ^) _1 X2^ 

+ <PXl(P ~ Z )~ X [P, X2\{Ra ~ z) _1 l R n\B(ilo)V 
- <^llRn\S(fl )(i2a - z)~ X [P,Xl]( P - ^) _1 X2^ 

(2-4) - <pK Rn \ B{Ro) (R a - z)- x [P, X i](P ~ z)- 1 [P, X 2](Ra ~ z)- x l Rn \ B(Ro) <p. 

To prove this identity for Imz > 0, the cut-off function (p can be omitted and it is enough 
to expand the commutator [P, X2] and then the commutator [P, xi], and to use the formula 
[P, x»] = (P — z )(x» ~ 1) ~~ (x» ~~ 1){P ~ z). The properties of the x»'s given in (|2.3p imply 
that 

(2.5) [P, X .]=x(x){hV)hO(l)x(x), 

where the 0(1) denotes an operator bounded uniformly in h on L 2 (M n ). Combining Lemma 
12. H fj2.4j) and (|2.5[) (with its adjoint), we finally obtain 

\\tp(p - z)-V|| < - *)~V|| + HxCP - ^r'xll 

+ h\\x{P - zV l x\\\\x{Ra - z)~ x ip\\ 2 x 

h 

+ h\\ X (P - zr l x\\\\ V (R a - z)- l x\\ r 2 

h 

+ h 2 \\x{P - z)~ x xMip{R a - z)~ x x^ H -i. L %hdRa - ^)~V|| L 2 vo-i 

(2-6) < + \\x(P ~ z)- x x\\ (l + e 2C l Im ^) . 

To complete the proof of Theorem it is enough to use Proposition 11.51 

3. Proof of Theorem 11.21 

We will first estimate xi(P ~ z )~ X Xi f° r a particular cut-off function xi adapted to the 
ring Caj, and then apply Theorem 11.11 to estimate ip(P — z)- x y for all if G Cg°(M n ). Let 
Xi>X2>X3,X4 G C£°(M n ) be such that l B(o ) -< xi -< X2 -< X3 -< X4 ■< &B(b)- We also consider 
^1,^2,^3,^4 G qj°(M n ) such that Vxi -< V>i -< V>2 -< X2lc a , 6 , Vx 3 -< ^3 -< ^4 -< X4lc«,i and 
X2' i / ; 4 = 0- We begin with the following estimates. 

Lemma 3.1. For f G T-L comp and z G A$ with \ Imz\ < 1, we have 

(3-1) ||X3(P - z)- x ff < -i_|| X4 /|| 2 + j-^—WMP ~ z)- X f\\ 2 , 

(3-2) || X i(P - z)- x *f\\ 2 < -i_|| X2 /|| 2 + -^-\\MP ~ z)- X *f\\ 2 . 

11 11 J ^ m z y. 1 1m z\ 

Proof. For u G T>\ oc , we have 

(X3(P ~ z)u,X3u) - (X3U,X3(P ~ z)u) = ([xl,P]u,u) - 2i Im^||x3w|| 2 . 
Taking u = (P — z)~ l f yields 

I Im^|||x 3 (P - z)- x f\\ 2 < \\ X 3(P ~ zY x f\\ llxs/ll 
(3-3) +\\[xlP\{P-z)- x f\\\\MP-z)- 1 f\\. 
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Moreover, combining (|2.5p . the ellipticity of P and the properties of the support of the cut-off 
functions, we obtain 

[xl p](p - z)- 1 / = [xl p](p + i)-\P + i)MP - *)"7 

= [xl p](p + i)- 1 {MP + + [p, M) (P - *T l f 
= [xl PKP + i)- 1 ^/ 

+ [xl P](P + i)- 1 ((i + z)V>3 + [P, M) (P - z)' X f 

(3.4) = 0(^)11x4/11 + o(h)\\MP - ^r7||. 

Combining ()3.3p and (13. 4|) . we obtain 

| Imz||| X3 0P - zy'fW 2 < 1 -^\\X3(P - z)- 1 /!! 2 + ^^IIX3/I| 2 

+ C/ 1 ||X4/|| 2 + C/ 1 ||^4( J P-^)" 1 /|| 2 

<-J_ ii^/f+^ll^p-^rvn 2 - 



This implies (J3JJ). The estimate for the adjoint operator ()3. 2f) can be proved by the same 
argument using (P — z)^ 1 = (P — z) . □ 

We can now prove Theorem 11.21 Recall that, for simplicity, we use the notation || • || for 
the norm of the space T~L and the operator norm on To be more precise, in the rest of this 
section, || • || denotes the norm of T~L only when / or u appears in the expression. From (|3.ip . 
we can write 

llxi(p - zr'xdf < \\ X 3(p - ^rwii 2 

1 „ h 



< 



r l2 llx4xi/ll 2 + n — AlMP-zr'xifl 

lm z\ z 1 1m z\ " 1 

1 ,, „,,o h 



| lmz| z | Lmz\ 

Using now (|3.2p and X2ip4 = 0) we get 

llxiCJ'- ^Xi/H 2 < rr^-ia ll/ll 2 + tt^— rll/ll 2 sup || Xl (P - z)- l *^u\\ 

I lm2;| z | hxiz\ ||«||=l 

1 ,, „,,o h „ / 1 



5 n^ ll/l12 + iW" 2 ,^ W 1 **" 112 



+ 



Imz\ 2 \Imz 



+ rr-^WMP - zr 1 ^ 



Combining with if} m -< TLq yields 
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We now apply Theorem 1 1.1 1 and assume that a > <Zq. Since ls( O0 ) -< Xii Theorem 11.1 1 together 
with the previous estimate gives 

(3-5) HP-z)-V||< ^e C l Im ^(||l Cajb (P-^- 1 ll Ca , 6 || + / i - 1 ). 

To conclude the proof of Theorem 11.21 it is enough to apply Proposition 11.51 

4. Proof of Proposition 11.51 

To prove this result, we construct a quasimode of order h. Since the semiclassical principal 
symbol q(x,£) of Q converges to £ 2 at infinity, there exists ao > Rq such that, for all \x\ > clq, 
we have q(x,0) < Eq/2. Let now (p G C^°(M n ) and \xq\ > ao be such that ip(xo) / 0. 

Using q(xo,0) < Eq and the form of q(xQ, •) given in (jl.6p . one can construct £o(A) S C°° 
such that q(xo,£o(\)) = A and <%g(xo 5 £o(A)) ^ for all A G [i?o,-Ea]. Solving the Hamilton- 
Jacobi equation by the usual method (see e.g. Dimassi and Sjostrand [91 Theorem 1.5]), 
there exists a phase function ip(x, A) G C°° defined for x in a neighborhood of xq and for 
A G [Eo,Ei], and such that 

q(x,X7 x ip(x,\)) = A, 

for all A G [-EojI?i]- Let now 

u (x,z) = X {x)e i ^ Kez ^ h , 

where / x £ C^°(M. n ) is supported in the intersection of W = {x; \<p(x)\ > \(p(xo)\/2} and 
the set where tp is defined. 

Let Pg be the operator P distorted outside the support of (p by a fixed angle < 9 < 9q 
large enough. A standard computation by the method of stationary phase gives 

(Pe - z)u = (P- z)u = (Q- z)u 

= (Op(g) — Re z)u + hQ\u — i Im z u 

= (q(x,V x ip(x,Rez)) - Rez)u + 0(h + \ \mz\) 

(4.1) =0{h + \lmz\). 

where Op(g) is any semiclassical quantization of q and Q\ is a /i-differential operator of order 
two with coefficients uniformly bounded with respect to h. Using that (Pq — z)u = (Q — z)u 
is supported in W, we so can write 

(P e - z)u = ipv, 

where 

(4.2) ||v(a?,^)|| <h + \Imz\. 

Then, using that (Pq — z) _1 is invertible and the equality (jl.9j) , we get 

(pu = f(Pg — z)~ l tpv = (p(P — z)~ 1 ifv. 
Finally, combining the previous equation with (|4,2p and \\<pu\\ > 1, we obtain 

11 11 h + | Imz\ 

and the proposition follows. 
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5. Estimates for the resonant states 
In this part, we prove the estimates for the (generalized) resonant states given is Section [TJ 

Proof of Theorem Choose cut-off functions x> \ £ C^°(M. n ) so that 
(5-1) l B (a) ■< X -< 1b(6) and Vx ~< X ~< *c a , b - 

Let u be a resonant state associated to a resonance z S [Eq,E\\ — i[0, Mh\ In h\]. We first 
estimate x u - Since u £ V\ oc and (P — z)u = 0, we have 

= (x( p ~ z ) u , Xu) - (xu, x( p ~ z ) u ) 
(5.2) =([ X 2 ,P]u,u)-2ilmz\\xu\\ 2 . 
Thus we obtain 

(5-3) llx^ll 2 < 2 | |([X 2 ,-P]X^,X^)|- 

To estimate the action of [x 2 ;P] on x u i we write 

[X 2 , P]xu = [x 2 , P]CP + iT\P + i)xu 

= [x\P](P + i)-\x{P + i)u + \P,x\u) 
(5-4) = [x\P](P + i)-\x{z + i)lc a , b u+[P,x\^c a ,u). 

The operator [x 2 , P](P + i) _1 x : - >■ L 2 is bounded by 0(h), while the operator 

[ X 2 ,P](P + ir 1 [P,x\--L 2 ^L 2 , 
is bounded by 0(h 2 ). Thus, combining (15.3P and (I5.4j) . we deduce 



We now estimate ipu for all 99 E C^°(IR n ). Let Pq (resp. iZ a ,e) be a complex distortion of 
P (resp. of P a which is defined in Section [2]) by a fixed angle < 6 < 9q. We also assume 
that the scaling occurs only outside of supp^U B(b). Then, from Lemma lA.51 there exists 
uq £ V such that (Pq — z)ug = 0, 

(5.6) l B ( b )U0 = l£( 6 )U and (pug = ipu. 

On the other hand, the definition of R a and 1.6(a) ^ X imply R a ,e0- — x) = ^(l ~~ x)- Thus, 
we can write 

(R a ,e - z)(l - x)ue = (Pe - z)(l - x)ue = -[P,xWe- 

This yields 

(1 - x)ue = -(1 - x)(Ra,e - z)~ l [P,x]ue, 
where x £ Co°(IR n ), with TLb(R ) ~^ X ~^ X, is an artificial cut-off function used to identify 
(1 - x)ft and (1 - x)^ 2 . Finally, we get 

f/m = ipu e = ipxu e - ip(l - x)(R a ,e - z)' 1 ^, x]ue 
(5-7) = <pxu - (1 - xMRa - z^xlP, x]lc a , b n. 
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To complete the proof of Theorem 11.71 it is enough to use (|5.5p and 

||(1 - x)f(Ra ~ zy l x[P,x]\\ n ^ n < \\<p(Ra ~ z )~ 1 x\\ H -i_+ L 2\\[P,x]\\ L 2^ H -i 



„C\hnz\/h / u 



| lmz\ 

which follows from Lemma 12.11 □ 

Proof of Proposition \1.12\ We will prove this result by induction over the order J of the 
generalized resonant state u. For J = 1, Proposition II . 121 is a direct consequence of Theorem 
11.71 Now assume that Proposition 1 1 . 1 21 holds true for generalized resonant states of order less 
than J — 1 for some J > 2. Let u be a generalized resonant state of order J. Following the 
analysis of (|5.2[> . we have 

(x(P ~ z)u,xu) - (xu,x(P ~ z)u) = ({x 2 ,P]u,u) - 2ilmz\\xu\\ 2 , 

which implies 

" XU " 2 - 2[l^l(k 2 > p K' u )| + JJ^\\xu\\\\x(P ~ z)u\\ 

(5-8) < ty^K[x 2 ^]x^X«>| + 1T^||X(-P-^H| 2 - 

1 1m z\ | lm zy 

As in (|5.4p . we can write 

[ X \P]xu= [x 2 ,P}(P + i)-HP + i)xu 
= [ X 2 ,P}(P + i)- 1 x(P-z)u 

+ [x 2 , P](P + i)- 1 (x(z + i)*c ath u + [P, mc a , b u) , 

which yields 

Illx 2 ,^)! < h\\lc aib (P - z)u\\ + h\\l Caib u\\. 

Then, (15.81) becomes 



Now we remark that (P — z)u E IT is a generalized resonant state whose order is J — 1. Then, 
applying the recurrence assumption, the previous equation gives 

(5-9) Ml < x l^^e c ^ mz ^ h y -^—\\t c JP-zVul 

V 1 1 j=o 1 1 

Next will now obtain a formula similar to (|5.7p to control </tu for y> E C^°(IR n ). As in (|5.6p . 
let P# (resp. i2 a ,e) be a complex distortion of P (resp. P a ) by a fixed angle < 9 < 9q. 
Assume also that the scaling occurs only outside of supp^ U B(b). Then, from Lemma lA.51 
there exists uq E V j such that (P# — z) j uq = 0, 

^B(b) u = &B(b) u and (fU0 = (fiU. 
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We also have R a ,eO- ~ x) = PeQ- ~ x)- A direct computation gives 

J-i 

(R a , e - z) J (l - x)u e = (P e - z) J (l - X )ue = - £ (ad£~ j x){P ~ z) j u, 

where adp x = X an d ad^ 1 x = [P, adj> x]- Thus, mimicking the proof of (|5,7p . we get 

J-i 

ipu = ipxu - (1 - X)f(R a - z)~ J xJ2 (adp" J x)^-e a>b (P ~ z) 3 u. 

j=0 

Using (|5.9p . Lemma [27X1 and || adpx\\ H s^ H ^i = 0(h 3 ), the previous equation gives 



\(pu\ 



< /Z^T e o|im*|/fty {P _ z y u \\ +e c\im Z \/ h y 1 |, a (p_^)i u | 

~V Imz ^ ImzJ" a '" v ; 11 ^/i?" a ' bV y 1 

V 1 1 j=o 1 1 i=o 



V 1 1 j=o 1 1 

since h~ 1 < | Im z| — 1 e' lmz \/ h . Thus Proposition 11.121 holds for generalized resonant states of 
order J and the proof is complete. □ 

6. Scattering by obstacles 

Let K C {x £ W 1 ; \x\ < Rq}, n > 2, be a bounded domain with smooth boundary 
such that f2 = M n \ K is connected. Let — A^j be the Dirichlet Laplacian in Q which is a 
self-adjoint operator on % = L 2 (Q) with domain V = H^(£l) n H 2 (£l). For ImA > the 
resolvent (— — A 2 ) -1 is a bounded operator from H to P and, for all 99 S (7^(0), the 
cut-off resolvent ip(— Ad — A 2 ) -1 92 admits a meromorphic continuation in C for n odd and in 
C \ iMr for n even. For non-trapping perturbations, we have an estimate 

||v?(-A D -A 2 )-V||<<A>-\ 

for A G R, |A| > 1, while for trapping perturbations and A £ 1, |A| > 1 this cut-off resolvent 
is bounded by e c ^ (see Burq [5j). 

Since we will use the Lax-Phillips theory [T3] , we consider in Vl the wave equation 
(6.1) d?u-A D u = 0, 

with Dirichlet boundary condition on d£l. Let Hd(0,) be the closure of C^°(f2) for the norm 
II ^ " IIl 2 (Q)- We introduce the energy space H = H £>(&>) ® L 2 (Q) and the unitary group 
e -ttG . — 5. ff with generator — iG, where 



G = i 



I 
A D 



is a self-adjoint operator on H (see Lax and Phillips |15|). As usual, the solutions of ()6.1 
are given by 

u (t) \ _ n -itG ( "(0) 



((k2) \d t u(t))- e \d t u(0) 
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To apply the results for semiclassical operators established in Section [TJ we consider the 
scaling A = X- and write 

(6.3) (-^ D -X 2 )- 1 = h\P-z)-\ 

where P = —h?Ar) satisfies the general assumptions of Section [TJ We want to estimate the 
cut-off resolvent of — A^ in the region 

S = {A G C; ReA > 1 and > ImA > -Mln(ReA)}. 

It is then enough to consider the situation 

A g S h = [hr 1 ^- 1 ] -i[0,M(|ln/i|+ln2)], 

since the union of Sh over < h < 1 covers S. For A G cS/,, we have 

y/z G [1, 2] - i [0, hM(\ In h\ + In 2)] , 

and finally 

z G [1/2,4] - i[0,5Mh\lnh\], 

for h small enough. Applying Theorem 11.21 in this region to the operator P and using the 
relation (16.3f) . we obtain, for X £ Sh with h small enough, 

\\p(-A D - A 2 )~V|| = \\h 2 ip(P - z)~V|| 

<C — h —e c \ lmz \l h \\hH c b (P-z)-H c J 
- | Imz | II C -"V ) o a ,ni 

C|ImA| 

<C-^\\le a , b (-A D -X 2 r^eJ\, 

since |Imz|//i behaves like |ImA| in Sh- Note also that such relation holds true in any 
compact set (with a constant C depending on the compact set). This follows from Corollary 
IA.3I near the resonances and from the fact that lc a6 (— Ajj — A 2 ) -1 lc o() does not vanish 
(because % = (~Ad — A 2 ) _1 (— A^j — A 2 )x) away from the resonances. Summing up, we have 
proved the following 

Theorem 6.1. There exists a > R such that, for all ci < a < b, M > and ip G C^°(IR n ), 
there exists C > such that 

C\lm\\ 

(6.4) \\<p(-Ad ~ A 2 rV|| < Cj—^\\l Ca , b (-A D - A 2 )- 1 !^, 

for A not resonance with ReA > 1 and > ImA > —M In (Re A). 

For n > 3, n odd, there is a link between the cut-off resolvent ip(— Ad — A 2 ) _1 y? and 
the contraction semigroup Z p (t) = Pfle~ itG Pt = e tBP : H — > H, t > 0, with generator B p , 
introduced by Lax and Phillips [15J. Here, P± are the orthogonal projections on the orthogonal 
complements of the Lax-Phillips spaces D±, p> R$. The spectrum of iB p coincides with the 
resonances and is then independent on the choice of p > Rq. Given ip G Cq°(Q), we may fix 
p > Ro so that pP± = p = P±<P- In the sequel, we drop the indexes p in the notations and 
write B, P± instead of B p , P±. For ImA > 0, we have 

/•oo 

—<p{B + i\y l p = I e iXt pP + e~ itG P-pdt = -ip{G - \)~ l tp, 
Jo 
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and, by analytic continuation, this equality holds true for A not resonance with ImA < 0. 
Moreover, one can see that 

\\<p(G - A)-VL_> H < C\\(pX(-A D - A 2 )"V|| L 2 (f7HL2(n) , 

for A not resonance with |A| > 1. Thus ()6.4p implies 

(6.5) + ^"VL^C^ 

Note that, in odd dimension n > 3, it is possible to estimate the cut-off resolvent in term of 
scattering quantities. This was done by Stoyanov and the second author in [19] using the Lax- 
Phillips theory. More precisely, consider the scattering matrix S(A) = I+K(X) : L 2 (S n_1 ) — > 
L 2 (S n ~ 1 ), associated to the Dirichlet problem for the wave equation in Q given in (|6.ip . This 
operator is defined for ImA > and it is unitary for A £ R. The operator K{\) is a Hilbert- 
Schmidt operator with kernel a(A, w, u)'), called scattering amplitude. The scattering matrix 
5(A) (as the scattering amplitude a(A,w,u/)) has a meromorphic continuation from ImA > 
to the half plane ImA < and the poles coincide with the resonances. Of course, the form 
of the scattering operator S(A) depends on the outgoing and incoming representations of the 
energy space H (see [15] ) and to have the formula (jl.ip for the scattering amplitude we must 
have an appropriate outgoing/incoming representation. 

By using the link between \\(B + iX)^ 1 ^^!! and the inner representation of the scattering 
operator Si (A) established in [151 Chapter IV], it is proved in [191 Section 4] that 

3e /3|ImA| 

(6-6) \\(B+i\) 1 \\h^h < - rj— -n l|ff(A)[|&2(Bn-i)-»La(Sft-i), 

for some (3 > given by the inner representation of the scattering operator. Using that the 
Hilbert-Schmidt norm of an operator is the L 2 norm of its kernel, the last estimate yields 

o /3|ImA| / / r \ 1/2 

(6.7) \\{B + i\)- 1 \\ H ^ H < - - — / \a(X, u' , u)\ du dui' ) +1 



2 |ImA| 



Now, we can handle the integral over §" x using the representation (jl.ip with h = 1, 
z = A 2 and P = — Ap. Choosing the functions Xj £ j = 1,2 so that Vxj ~< ^c ab , 

the formula (jl.ip and the estimate (|6.7p give an analog of ()6.5p with a possible polynomial 
loss in (A). 

Appendix A. Properties of the generalized resonant states 

In this part, we collect some basic properties of the generalized resonant states. Being for 
the most part in the folklore of the theory of resonances, we only give them for a reason of 
completeness. 

Let z E Aq be a resonance of P. Since (P — A) -1 : % C omp — > Aoc is an operator- valued 
meromorphic function, we can write, for A in a neighborhood of z, 

as operators from H C omp to T>\ oc , where »4(A) is holomorphic near z and the ILj's are finite 
rank operators. Let Pq be a complex distortion by an angle arctan (j-j^rjj) < < 6q. Then, 
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for A in a neighborhood of z, we have 



< n? 



as operators from % to T>, where »4(A) is holomorphic near z and the n?'s are finite rank 
operators. Moreover, if the distortion occurs outside of the support of ip G CQ°(M. n ), it follows 
from QD that 



(A.l) tplljcp = <pn? j( p, 

for all j > 1. 

Lemma A.l. Let ip G C^°(M n ) be such that H-b(Ri) ^ V 9 - Then, the multiplication by ip is 
injective on IulIX,- (resp. ImlLy) for all 1 < j < N (resp. 1 < j < Ng). 

Proof. Let u e G Im^ be such that <pu e = 0. Using (P e - z)IL Ng = and (P e - z)U e k = lf k+1 , 
we get 

{P 6 - z)(P e - z) N °- l u e = {P e - z) N »ue = 0. 
From Lemma 3.1 of Sjostrand and Zworski [25], we deduce that {Pe — z) Ne ~ 1 ue is (outside 
of B{R\)) the restriction to of a holomorphic function in T. On the other hand, {Pe — 
z) Ne ~ l ue = on the support of ip since (pue = 0. Therefore, 

{Pe - z){P e - z) N °- 2 u e = {P e - z) N ^ l u 6 = 0- 

Then, performing an induction argument, we get ue = 0. The fact that the multiplication by 
ip is injective on ImLL, is similar. □ 

Remark A.2. Using {P - A)" 1 * = {P - A)" 1 (resp. (P e - A)" 1 * = (P_ e - A) -1 ), we can 
prove the same way that ImlL,^ = ImlL, (resp. Imlljip = ImLTj). 

Combining (|A.ip , Lemma IA.1I and Remark \A.2\ we get 

Corollary A. 3. Let ip G Co°(R ri ) be such that H-b(Ri) ~4 <P an d such that the distortion 
occurs outside of the support of ip. Then, we have N = Nq and, for all 1 < j < N, 

Rank lb, = Rank ipTLjip = H&nktpUjip = Rank IT?. 

In particular, 

(A.2) Im ipUj = Im tpILjtp = Im tpltfip = Im ipU^. 

Lemma A. 4. For all 1 < j ' < N, we have ImlL; C ImLTi and ImILy C Imil^. 

Proof. Since the resolvent of Pe acts from L 2 (M n ) to itself, a standard argument gives ImILy C 
ImlLj'. Consider now u G ImLTj. Let ip G CQ°(R n ) be such that 1b(_r 1 ) -< </> and P$ be a 
complex distortion outside the support of tp. Then, from (|A.2p . there exists u$ G ImLT^ such 
that <pu = tpu@. Therefore, using IinlX^ C ImlLf together with (1A.2|) . there exists G Imlli 
such that 

pu = tpUy. 

Let now ip G Co°(R n ) be such that ip -< ip. From the previous construction, (pu^ = <pipu^ = 
ipipu = <pu = ipu^ and u v — G ImLTi. Then, Lemma I A . 1 1 implies u v = u^. In other words, 
for all ip G Cg°(K n ), we have 

ipu = IpUtp. 
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This implies u = u v G ImLTi. □ 

Lemma A. 5. Let (p G Co°(R n ) be such thai -< <p and such that the distortion occurs 

outside of the support of (p. Then, for all u G Imlli, there exists a unique ug G Imll^ such 
that </?u = (pug. Moreover, (P — z) J u = if and only if (Pg — z) J ug = 0. 

Proof. Let u G Imlli. From (|A.2|) . there exists ug G ImLLy such that ipu = <puQ. Thanks to 
Lemma [A. 11 this ug is unique. Lemma fA. 4} (P — z)Hj = and (Pg — z)Hj = FTj +1 imply 

(P — z) J u G ImLTi and (Pg — z) J ug G ImLTf. Then, from Lemma EH (P — z) J u = iff 
p(P - z) J u = ip(P e - z) J u e = iff (Pg - z) J ug = 0. □ 

Acknowledgments. The authors would like to thank the referee for helpful comments, 
making the paper more understandable. 
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